In this paper we study the degrees of freedom (DoF) achieved by interference alignment (IA) for cellular networks in reverse time division duplex (R-TDD) mode, a new configuration associated to heterogeneous networks. We derive a necessary feasibility condition for interference alignment in the multi-cell R-TDD scenario, which is then specialized to the particular case of symmetric demands and antenna distribution. We show that, for those symmetric networks for which the properness condition holds with equality, R-TDD does not improve the DoF performance of conventional synchronous TDD systems. Nevertheless, our simulation results indicate that, in more asymmetric scenarios, significant DoF benefits can be achieved by applying the R-TDD approach.
INTRODUCTION
Nowadays, the spectral efficiency in multiple-input and multiple-output (MIMO) cellular networks is of paramount importance, due to the exponential growth in terms of wireless data traffic. In this sense, an interesting solution that has attracted considerable amount of research over the last few years is interference alignment (IA), which originated from the degrees of freedom (DoF) analysis of the 2-user X channel [1] , [2] .
Despite the fact that most of the existing results regarding IA are focused on the well-known interference channel (IC) [3] - [10] , there are also remarkable works related to cellular networks. For instance, [11] establishes that a cellular system with G cells and K users per cell, equipped with N and M antennas respectively, is said to be proper if the number of DoF for each link, d, satisfies d ≤
M +N GK+1
, and improper otherwise. As in the case of other network topologies, improper cellular networks are infeasible [12] . However, feasibility of proper cellular networks is still an open area of research.
A set of outer bounds on the DoF for the general (G, K, M, N ) model is established in [13] , and linear beamforming schemes to achieve IA without symbol extensions are presented in [13] - [15] . Shortly afterwards, authors in [16] identify a genie chain structure and establish the optimality of linear beamforming for some certain regimes.
More recently, standardization groups for next-generation mobile communication have focused on heterogeneous network (HetNet) deployments [17] . In this context, reverse time division duplex (R-TDD) arises as a promising approach, which consists in configuring some cells in uplink mode and the rest of them in downlink simultaneously. Despite works related to interference alignment for these topologies are still scarce, some schemes to achieve IA in cellular networks under R-TDD have already been developed. For instance, the feasibility of IA for R-TDD in 2-cell networks is studied in [18] , [19] , and authors in [18] establish that the existence of DoF benefits due to the R-TDD approach depends on the network configuration.
In this work, we present a necessary condition for the feasibility of interference alignment in R-TDD multicell networks with arbitrary distribution of users, DoF demands and antennas. Furthermore, we particularize the aforementioned condition to the symmetric DoF and symmetric antenna case. Finally, the DoF performance of the reverse TDD configuration for multicell networks is evaluated via Monte Carlo simulations.
Notation
Uppercase (lowercase) boldface letters will be used for matrices (column vectors), (·) H for conjugate transpose (Hermitian), and Im,n and 0m,n for the m×n identity and all-zero matrices, respectively. Additionally, we define the operator Occasionally, we will use D(k : , i : j) to represent a submatrix of D consisting of the elements in rows k to and columns i to j.
SYSTEM MODEL
In this work, we consider a MIMO cellular network composed of G cells, where the g-th cell contains a base station (BS) and Kg user equipments (UE). There is a total of Gu uplink cells and G d downlink cells, such that G = Gu + G d . Each base station is equipped with Ng antennas, whereas the k-th user
of cell g, which we will denote as user kg, has M kg antennas, with g ∈ {1, 2, . . . , G} and kg ∈ {1, 2, . . . , Kg}.
Since a cellular network in reverse TDD configuration comprises cells in both uplink and downlink mode, we split the notation into signal models (1) and (2), one for each type of cell.
Regarding the uplink cells, base station g applies the decoding matrices U kg ∈ C Ng ×d kg to receive d kg independent data streams from each user kg, leading to a set of received signals given by (1) , where H g,kg ∈ C Ng ×M kg represents the channel matrix from user kg to base station g.
is the symbol vector transmitted by user kg and precoded by applying the precoding matrix
is the additive white Gaussian noise (AWGN) at the input of BS g. Analogously, in the case of downlink cells, the UE j applies a decoder U j ∈ C M j ×d j , giving rise to a received signal represented by (2) , where
denotes the symbol vector transmitted between base station j and user j and precoded by applying the precoder
represents the AWGN at the input of user j .
Given the received signals in (1) and (2), the interference cancellation conditions can be expressed as
being dg = kg d kg the total data streams transmitted within 1 For the sake of notation simplicity, the subscript in 0 m×n has been omitted when the dimensions are obvious from the context. the g-th cell and Ug ∈ C Ng ×dg the horizontal concatenation of all U kg ∈ C Ng ×d kg , i.e.,
Condition (3a) corresponds to the interference generated by every UE in uplink mode at the input of a base station in an uplink cell, whereas (3b) is associated to the interference from a base station in downlink mode at the input of a BS in uplink.
Analogously, conditions (3c) and (3d) take into account the interference at a UE in downlink configuration, coming from both users in uplink and base stations in downlink cells, respectively.
Furthermore, we have to guarantee that the DoF of the desired signals are preserved by satisfying the following rank conditions
Note that conditions (4a) and (4b) refer to the rank preservation for both uplink and downlink cells, respectively.
NECESSARY CONDITION FOR THE FEASIBILITY OF SPATIAL IA
In this section, we provide a necessary condition for the feasibility of alignment in a general multicell, reverse TDD network. Additionally, we particularize the aforementioned condition for the case of symmetric DoF and equal distribution of antennas, showing that, in some particular cases, R-TDD is not capable of improving the DoF performance of conventional TDD systems. Let us remember that authors in [18] showed that the existence of DoF benefits depends on the network configuration.
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As stated in [19] , there is a first condition that needs to be satisfied in every cell within the network:
Since U kg and V kg must be full column rank matrices for all g, kg (see conditions (4a) and (4b)), we can right-multiply them by arbitrary invertible matrices, and both (3) and (4) will still hold. Hence, following the lines established in [20] for X networks and in [19] for 2-cell R-TDD networks, we can rewrite the precoding and decoding matrices as 
free variables, where the first line corresponds to the uplink cells and the second term is associated to the downlink cells. Given that, for a system of equations to be proper, the number of equations must be less than or equal to the number of free variables, the inequality
represents a necessary condition for the feasibility of IA in the considered scenario. Notice that the left side of the inequality in (8) quantifies the total number of scalar equations in the system.
Necessary condition for symmetric networks
Let us consider now a network with symmetric demands and equal distribution of users and antennas for all cells, that is,
Evaluating the expresions above for the number of variables and equations in this case leads to As in (8) , the condition Ne ≤ Nv needs to be satisfied, thus yielding
which is, in fact, exactly the same condition provided in [11] for conventional TDD systems. Therefore, if (10) holds with equality in a cellular network using a regular TDD configuration, the R-TDD mode will not be able to improve the DoF performance of the system. Nevertheless, there exist many different topologies where reverse TDD yields significant DoF benefits, as originally proved in [18] , [19] for 2-cell cases and as we corroborate in this paper for other asymmetric multicell networks.
SIMULATION RESULTS
In order to analyze the DoF benefits of reverse TDD in multicell networks, we apply the homotopy continuation algorithm in [21] to two different simulation scenarios 2 . For each scenario, the results of 1000 independent trials have been averaged.
Symmetric DoF and antenna configuration
The first network, denoted as Network 1, comprises G = 4 cells, whose base stations are equipped with N = 10 antennas. Each cell contains K = 3 users with M = 3 antennas each. According to the notation introduced in [19] , this is equivalent to a (10, (3, 3, 3)) 4 MIMO cellular network. For the R-TDD configuration, there are two cells in uplink and two cells in downlink mode. Figure 1 shows the average sum-rate achieved for the three considered configurations in Network 1, i.e., all cells in uplink or interference multiple-access channel (IMAC), all cells in downlink or interference broadcast channel (IBC), and reverse TDD, as a function of the signal to noise ratio (SNR). Due to the duality properties of MIMO networks, both IMAC and IBC will attain the same DoF.
Since Network 1 satisfies the characteristics described in Section 3.1, and as we corroborated in Fig. 1 , the sum-rate slope at the high SNR regime is the same for the three operating modes. More specifically, a maximum of 12 interferencefree, independent data streams can be transmitted over this network configuration. This is due to the fact that (10) holds with equality for Network 1, and consequently the reverse TDD mode is not capable of improving the number of DoF obtained by conventional TDD configurations.
Nevertheless, improvements might be achieved by R-TDD regarding other techniques and figures of merit. For instance, even though the number of DoF does not increase, there might be sum-rate benefits with symmetric distribution of data streams and number of antennas, as shown in [22] for a two-tier R-TDD network.
General asymmetric configuration
We have considered a second example, composed of G = 3 cells. Specifically, Network 2 is a (12, (8, 8, 8, 8) ) × (17, (4, 4, 4)) 2 MIMO cellular network, i.e., there is a BS equipped with N1 = 12 antennas, which wants to communicate with K1 = 4 users having M k 1 = 8 antennas each. The other two base stations have N2 = N3 = 17 antennas and are assigned to K2 = K3 = 3 users with M k 2 = M k 3 = 4 antennas each. In the case of the reverse TDD mode, the first cell is in downlink, whereas the remaining cells are configured in uplink. Notice that, for the complementary configuration (i.e., cell 1 in uplink, cells 2 and 3 in downlink), the duality is guaranteed according to [19] .
As shown in Fig. 2 , R-TDD provides remarkable DoF benefits for this asymmetric network configuration, extending the conclusions of [18] , [19] to the multicell context. Specifically, only 14 DoF are obtained by conventional TDD modes, whereas a total of 18 DoF can be achieved by applying R-TDD.
Discussion
In order to provide some insights into the implications of asymmetry in the networks under study, we analyze the configuration of Network 2 in more detail. As mentioned in the previous section, a total of 14 DoF are achieved by applying conventional TDD modes. More specifically, this amount of degrees of freedom is obtained with d k 1 = 2 ∀k1, d k 2 = 1 ∀k2 and d k 3 = 1 ∀k3, i.e., d1 = 8 and d2 = d3 = 3.
In the case of Network 2 in reverse TDD mode, base stations 2 and 3 are configured as receiving nodes, and, since both BS are equipped with much more antennas than the rest of the nodes in the network, these antenna excess could be exploited to align additional interfering streams transmitted from BS 1. In this case, base station 1 can transmit a total of d1 = 12 (d k 1 = 3 streams per user), leading to a total of 18 interference-free streams in the network, hence providing a 4 DoF benefit. When considering the networks described in Section 3.1, for which (10) holds with equality, such antenna excess is not available and hence we cannot choose any cell to support the additional DoF load.
Fortunately, most of the state-of-the-art HetNet topologies comprise, by definition, different tiers including a variety of access points and base stations with different number of users, antennas and communication links. In this context, it is posible to exploit the DoF performance improvements of reverse TDD to its fullest potential.
CONCLUSION
We have established a necessary condition for the feasibility of interference alignment in MIMO reverse TDD multicell networks. Furthermore, we have specialized the necessary condition to networks with symmetric demands and equal user and antenna distributions, showing that, for those cases where conventional TDD networks attain the properness condition, R-TDD is not capable of achieving a DoF outcome beyond that bound. Our results also show that, for a general R-TDD multicell network, significant benefits can be obtained in terms of maximum degrees of freedom.
